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BORDERED FLOER HOMOLOGY AND EXISTENCE OF 
INCOMPRESSIBLE TORI IN HOMOLOGY SPHERES 

EAMAN EFTEKHARY 


Abstract. Let K denote a knot inside the homology sphere Y. The zero¬ 
framed longitude of K gives the complement of K in Y the structure of a 
bordered three-manifold, which may be denoted by Y(K). We compute the 
bordered Floer complex CFD(Y(A')) in terms of the knot Floer complex as¬ 
sociated with K. As a corollary, we show that if a homology sphere has the 
same Heegaard Floer homology as it does not contain any incompressible 
tori. Consequently, if Y is an irreducible homology sphere L-space then Y is 
either S®, or the Poicare sphere E(2,3, 5), or it is hyperbolic. 


1. Introduction 

1.1. Background and the main results. Heegaard Floer homology, defined by 
Ozsvath and Szabo [OSl] , has been powerful in extracting topological properties of 
three-manifolds. Although there is a variety of L-spaces- the three-manifolds with 
most simple Heegaard Floer homology- in rare cases homology spheres have the 
Heegaard Floer homology of S^. The Poincare sphere E(2,3, 5) is an example of 
an irreducible homology sphere with HF(E(2, 3,5)) = HF(5'^) = Z. It is thus not 
true in general, that Heegaard Floer homology is capable to distinguish from 
other homology spheres. However, a conjecture of Ozsvath and Szabo predicts 
that the E(2,3, 5) is the only non-trivial example of an irreducible homology sphere 
with trivial Heegaard Floer homology. In this paper, we will address the case of 
a 3-manifold which contains an incompressible torus. Let F denote the field Z/2Z 
throughout this paper. 

Theorem 1.1. If a homology sphere Y contains an incompressible torus 

HF(Y;F) ^F = HF(5'3;F). 

Together with Thurston’s geometrization conjecture, now a theorem of Perelman 
(see |Thul IPer| , also [MTll IMT2] ), this result reduces the study of Ozsvath-Szabo 
conjecture to the homology spheres which are either Seifert fibered or hyperbolic. It 
may be shown (see [Rus| . also |Ef5j 1 that Poincare sphere and the standard sphere 
are the only Seifert fibered homology spheres with trivial Heegaard Floer homology. 
Thus, Ozsvath-Szabo conjecture is reduced to the following. 

Conjecture 1.2. If the homology sphere Y is hyperbolic HF(Y;F) ^ F. 

The reduced Khovanov homology of a knot K inside the standard three-sphere is 
related to the Heegaard Floer homology of the double cover of the standard sphere 
branched over K [OS4) . Ozsvath-Szabo conjecture (or Conjecture [T^ thus implies 
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that the reduced Khovanov homology (and thus Khovanov homology) detects the 
unknot; a theorem of Kronheimer and Mrowka [KM] , The result of this paper 
reproves a few special cases of the aforementioned theorem. A knot K C is tt- 
hyperbolic ii — K admits a Riemannian metric with constant negative curvature 
which becomes singular folding with an angle tt around K. 

Corollary 1.3. Suppose that for a knot K C one of the following is true: 

• K is not TT-hyperbolic. 

• K is a prime satellite knot. 

Then the rank of the reduced Khovanov homology Kh(Ar) is greater than 1. 


1.2. Bo rdered Floer homology for a knot complement. The proof of Theo- 
rests heavily on a construction of the bordered Floer module CFD(y(A')) 


rem 


1.1 


associated with the complement of a knot K C Y using the knot Floer complex 
CFK(F, AT). Consider a doubly pointed Heegaard diagram {T,,a, f3-,u,v) for K. 
The markings u and v give the map 


s = Su,v : Ta n T /3 — Spin° (y, K) 

where s(x) denotes the relative Spin° class assigned to x in the sense of [Nl], which 
is defined by assigning a nowhere vanishing vector field on F — nd(Ar) to x which 
is tangent to the boundary. Multiplying the vector fields by —1 gives a map 


J : Spin^ (y, K) Spin^ (F, K) 

and the map s i-A ci(s) = s — J(s) G H^(F, A';Z) gives an identification of 
Spin'^(F, K) with Z, which will be implicit throughout this paper. Let 

c = ([x,i,i] I X G T„ nT^, s(x) - i + j = 0)^ 

denote the Z 0 Z filtered chain complex associated with K. Following |OS3| we 
may consider the sub-modules 


C{i = a,j = b},C{i = a,j < b} and C{i<a,j = b} a, &gZU{oo} 

with the induced structure as a chain complex. Set C{i = a} to be the chain 
complex CH = a.j < ooj and Cj? = b} to be CH < oo, j = 6|. For any relative 
Spin^ class s G Z = Spin^ (y, K) let 

: C{i < s, j = 0} 0 C{i = 0,j <n-s-l} —^ C{j = 0} 
([x,b0], [y,0,j]) := [x,i,0] 0S[y,O, j], 


where S : C{i = 0} —>■ C{j = 0} is the chain homotopy equivalence corresponding 
to the Heegaard moves which change the diagram f3;u) to (I],a,/3;u). Let 

Yn{K) denote the three-manifold obtained from Y by n-surgery on K and let Kn 
denote the corresponding knot inside Yn{K) which is determined by the aforemen¬ 
tioned surgery. 


Proposition 1.4. The homology of the mapping cone M{i^) gives 

H„(iG,s) = HFK(F„(iG),if„,s). 

Note that M(ig) is a sub-complex of both M{i\) and M{if^^). We denote 
the embedding maps by = F^{K) and respectively. The 

quotient of M[i\) by Ff^ (M(ig)) is isomorphic to 

CFK(A:,s) ~ C{i = 0, j = -s}. 
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Denote the quotient map by = Fq{K). Similarly, define the quotient map 
i^g = Fq{K) from M{il) to M(if )/Im(F^). The short exact sequences 

0 -- M M (if) CFK(X,s) -- 0 and 

0-- M{i\) CFK(if,s) -- 0 


give the following two homology exact triangles 



where IHI,(s) = We let 


C.W=0 C,{K,5) and = 0 


• G {0,1, oo} 


where C,{K,s) = M{il) for • = 0,1 and Caa{K,s) = C{i = s,j = 0}. Denote the 
differential of C,{K) by d, for • G {0,1, oo}. Set M{K) = Cq{K) 0 C'i(iG) and 
L{K) = Ci{K) 0 Coo{K). Let F, = F,{K) denote the map obtained by putting all 
F^ together. These maps will be called the bypass homomorphisms. 


The zero framed longitude of K and its meridian give a parametrization of the 
the torus boundary —T^ of T \nd(iG). The corresponding bordered three-manifold 
is denoted by T(iG). A differential graded algebra yl(r^,0) is associated with T^. 
The bordered Floer module CFD(y(Ar)) is then a module over the differential 
graded algebra A{T'^,Q). Following the notation of Subsection 4.2 from |LOT2| . 
A(T^,0) is generated, as a module over F, by the idempotents jq and zi, and the 
chords Pi,P2,P3,Pi2 = PiP2,P23 = P 2 P 3 and P 123 = P 1 P 2 /O 3 ; 


Pi ^ 

A(r^ 0) = (to • ^ - • * 1 )/ iP2Pl = P3P2 = 0) . 

P3 

Theorem 1.5. With the above notation, the bordered Floer complex CFD(y(Ar)) 
is quasi-isomorphic to the left module over the differential graded algebra A{T^,0), 
which is generated by to.L{K) and ii.M{K) and is equipped with the differential 
d: CFD(y(iG)) 


(2) ag) = 


CFD(F(Ar)) defined by 


_ <io(x) 
Foo(x) + cii(y) 


■ P2- 


if (^) G M{K) 


di(x) 

Fo{x) + dAy) 


( _ PlFoo(x) 

\P-iFo{y) + Pi 23 Fo(FA^)), 


*/ (^) G L{K) 
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2. Surgery on null-homologous knots 
2.1. A triangle of chain maps. By a Heegaard n-tuple we mean the data 

(S, CKl, ..., Olyi, Xil, ..., IA7.) 

where E is a Riemann surface of genus 5 , each oti is g-tuples of disjoint simple closed 
curves for i = 1, ...,n and Uj are markings in S — Let Tq,. C Sym®(E) de¬ 

note the torus associated with cti and let Xj G n for i = 1, ...,n — 1 and 
x„ G Tqj HTq,^ be n intersection points. Let 7 r 2 (xi, ...,x„) denote the set of homo- 
topy classes of n-gons connecting Xi, ...,x„ and define 7 r 2 (xi,..., x„; iti,..., to be 
the subset of 7 r 2 (xi, ...,x„) which consists of the classes with Maslov index j which 
have zero intersection number with the codimension one sub-varieties 
of Sym®(E) which correspond to the markings Ui, ...,Ur. 

Let K C Y he a knot inside a homology sphere Y. Consider a Heegaard diagram 

H (E,Q; {g!!,..., OLg ^ ) • ■ •) l^g\ J Poo ) 

for the pair (Y,K), where Pg corresponds to the meridian of K and the marking 
Poo is placed on Pg, so that putting a pair of marked points near poo and on the two 
sides of Pg we obtain a doubly pointed Heegaard diagram for K. Suppose that A 
represents a zero-framed longitude for the knot K. Let A„ be a small perturbation 
of the juxtaposition A -|- nPg and /3f denote a small Hamiltonian isotope of Pi for 
i = 1, ...,g — 1. The Heegaard diagram 

Hr, = {T,,a,f3r, = {Pi, A„},p„) 

gives a diagram for (Yn{K), A„), where p„ is a marked point at the intersection of 
A„ and Pg. With the integers m > n > 0 fixed, we assume that A„ and A„+m inter¬ 
sect each other in m transverse points, and that for an intersection point q of these 
latter curves the points q,Pn,Pm+n are the vertices of a triangle A, which is one 
of the connected components in E — (a U /3 U {A„, A„+m}). From the 4 quadrants 
which have g as a corner two of them belong to the neighbors of A. Place a pair 
of markings u and v in these two quadrants, and use them as the punctures in the 
following discussion. 

Fix a relative Spin° class s G Spin‘^(F, K) = Z. The complex associated with the 
Heegaard diagram i?„ = (E, a,/3„; u, u) and the relative Spin'^ class s is denoted 
by CFK(iG„,s), while the complex associated with the Heegaard diagram Rn+m = 
(E, a, Pri+m', relative Spin'^ classes s and s -I- m is denoted by 

CFK{Krr,+r„5) © CFK(A„+„,s + m). 

Let 0 f denote the top generator of the Heegaard Floer homology group associ¬ 
ated with (E,/3;M,u). Consider the holomorphic triangle map 

f : CFK(A„+„, s) © CFK(A„+„, s + m) ^ CF(y) 

(3) /^(x):= ^ ^ #(A4(A)).z. 

z^TaflT^ AG7r2 (x,0/ 

The diagram (H, a,u, t?) determines a cobordism from Yn{K)Y[L to 
yn+m{K), where L = L{m, x S'^). The intersection point q determines 

a canonical Spin'^ class Sq G Spin'^(L) in the sense of Definition 3.2 of |OS3) . Let 
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Qg denote the top generator of CF(S, u, i;) which corresponds to Sq, or 

equivalently to the intersection point q. Define 

: CFK(if„,s) ^ CFK(i^„+„) 

■= #{MiA)).z. 

zGTQ;nT^^_l_^ AG'7r2(x,0g,z;ii,?;) 

Following Section 8 of |AEj (Lemma 8.2 and the discussion after that), if s(x) = s 

g=(x) e CFK(iL„+„,s)0CFK(iL„+™,m + s). 

Finally, the top generator S CF(S,/3,/3„; u, u) and the Heegaard triple 
(S,a,/3,/3„;u,u) determine the map on CF(F), which is defined by 

E E #(-^(A)).z. 

zCTaDT^^ Ae7r2(x,0?i,z;'U,?;) 
s(z)=s 


We thus arrive at the triangle of chain maps 

= hi 


CF(y) 


CFK(i^„,s) 



(4) 


CFK(K^+„,s) 0 CFK(K^+„,s 0 m) 

2.2. Exactness of triangle. Let denote the mapping cone of 

Theorem 2.1. If m is sufficiently large there is a map 

:CFK(i^„,s)-^CF(r) 

which satisfies d o ° d = o gi, such that the chain map 

CE^(iL„,s)M(/^) 

:= (5^(x),iL^^(x)), Vxe cfk(a:„,s), 

is a quasi-isomorphism. 


Proof. The proof is almost identical to the proof used in Section 8 from m- 
We outline the proof to set up the notation. Let us first define 

:CF{Y)^ CFK(Lf„+„,s) 0 m + s) 

^/(x):= E E #(A4(n)).y. 

□S7rJ^(x,0h,0g,y;'U,j)) 

5(y) —s=0 (mod m) 

The condition s(y) — s = (mod m) implies s(y) S {s,s 0 m} since m is large. 
Considering all possible boundary degenerations of the one-dimensional moduli 
space corresponding to a square class □ S ^^(x, 0/i, 0g, y; u, v) we find 

(5) d o 0 o d = h^ o g^. 

For ^ note that the holomorphic triangles A S 712 ( 0 ?!, 0g, 0; u, u) with 0 e 
n come in canceling pairs, where the difference between the coefficients 
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of every canceling pair at a marking s (placed on the left-hand-side of f3g and close 
to u) is always a multiple of m. Similarly, define 

: CFK(X„+^,s) 0 CFK(X„+„, m + s) CF(r), 

E E #(>((□))-y- 

yCTcDT/g^ fx,©/,©/i ,y;u,i;) 

ns{n)=0 (mod m) 

Since the contributing holomorphic triangles corresponding to the Heegaard triple 
(S, l3n+rm i '^) the closed top generators 0/, 0^ come in canceling pairs, 

(6) doHl + Hl = h^ o f. 

Finally, define the homotopy map Hf^ by 

CFK(iF„,s) ^ CF(r) 

E E #(>((□))-y- 

y^TaPlT^ (x,0g ,0/ 

Employ the same argument again to show that 

(7) doHi + Hlod = fog\ 

We next introduce the pentagon maps. Let /3(j denote a g-tuple of simple closed 
curves which are small Hamiltonian isotopes of the curves in /3„. Choosing the 
Hamiltonian isotopy sufficiently small allows us to assume that the chain com¬ 
plex associated with a, f3'^;u,v) and the Spiffi class s may be identified with 
CFK(iF„,s), since the intersection points and the corresponding moduli spaces con¬ 
necting them change continuously by slight Hamiltonian perturbation of the La- 
grangian sub-manifolds. There is a top generator corresponding to which 

is in correspondence with 0^. We denote this generator by 0(j. Define 

p; : CFK(iF„,s) ^ CFK(i^„,s), 

E E #{Mo)).y, 

yGTQ,nT/3j^ OG7ry^(x,0g,0/,0Ey;'ii,'i^) 
ns(O)=0 (mod m) 

Consider different boundary degenerations of the 1-dimensional moduli space asso¬ 
ciated with a pentagon of Maslov index —1, and note that 

• There is a unique contributing square classes □ € 7r^^(0g, 0/, 0'^, 0) of 
index —1 which corresponds to the quadruple (E,/3„,/3,/3„; u, ?;). 
Moreover, 0 = 0„ is the top generator for the diagram (E,/3„,/3(j; m, v). 

• The contributing triangle classes 

A e 7r2(0g, 0/, 0; M, u) and A'e 7r2(0/, 0(j, 0; u, u) 

corresponding to the triples (E, /3„, /3„+^, /3; u, v) and (E, /3„+„, (3, f3'^; u, v) 
come in canceling pairs. 

These observations, combined with our earlier arguments, imply that 
do Pf + Pf o d + J^f = o Hf^ — Hg o , where 

•'/«= E E #(Y(A)).y. 

y^To-PlT^^ AG7r2(x,0,^,y;Li,H) 


(8) 
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Consider the 5-tuple (S, a, ,9, /3„, ,9'; m, n, z), where [3' = {fi'i,j3'g} is a 
set of g simple closed curves which are obtained from /3 by a small Hamiltonian 
isotopy. Thus Pi and /?■ intersect each other is a pair of canceling intersection 
points. We assume that the small area bounded between the two curves Pg and /3' 
is formed as a union of two bigons; a small bigon which is a subset of the connected 
component ofS° = T, — a — /3 — /3„ — Pn+m which contains the marking v and a 
long and thin bigon which is stretched along Pg. We assume that the marking z is 
chosen in the intersection of the second bigon with the connected component in S° 
which corresponds to u. If the Hamiltonian perturbation is sufhciently small the 
chain complex CF(S, a,/3^; u) may be identified with CF(F). Define 

: CF(r) ^ CF(y) 

Pgi^)--= E E #(M(0)).y. 

y^TaPlT^/ Q^7r2^(x,Sh,0g,0'j^,y;u,v) 
nz(C!)+s(x)=5 (mod m) 

Five types of the ten possible degenerations in the boundary of the 1-dimensional 
moduli space associated with a pentagon class 

O e 7r^^(x, 0?i, 0®, 0^, y; R, u) with 712 ( 0 )-|-s(x) = s (mod m), 

corresponding to a degeneration to a bigon and a pentagon, contribute to the co¬ 
efficient of y in {d o o c?)(x). The remaining five types correspond to 

the degenerations of O into a square and a triangle. The choice of the markings 
implies that two of these degeneration types contribute to the coefficient of y in 
(/^ o Hj — Hf^ o h^){x). There is a unique contributing square class, correspond¬ 
ing to (E,/3, ,9„,/9„_|_m,/3^; u, r) and the intersection points 0^, 0g, 0j, 0oo, where 
0OO denotes the top generator for (E,/3,/3'; m, n). Moreover, the triangles which 
contribute in 712 ( 0 ^, 0g, 0/) and 7r2(0g, 0j, 0(j) come in canceling pairs. Thus 

do P^ + P^ o d + J^g = f o H} - Hlo where 

(9) Jg^(x)= #(M(A)).y 

yeTcOT^/ AG7T2(x,0^,y;u,v) 

Let P'n+m denote a (/-tuple of simple closed curves which are small Hamilton¬ 
ian isotopes of the curves in Pn+m- Again, we assume that the chain complex 
associated with (E,q:,/3(j_|_^;7(,r) and the Spin'^ classes 5,s + m is identified with 
CFK(iF„+m,s) 0 CFK(iF„+m,s + rn). There is a top generator 0^ for (/3„, 
which is in correspondence with 0g. Define 

n-- 0 CFK(iF„+„,t) —A 0 CFK(iF„+^,t) 

tG{s,s-hm} tG{s,s-hm} 

P,= (x):= ^ ^ #(M(o)).y. 

Oe-7rJ^(x,0/,0h,©(,y;«,D) 
n^{Q)=0 (mod m) 

A similar argument implies that 

doP^+P^od + r^=g^oH^g-Hfof, where 

E E #(M(A)).y, 

AG7r2(x,0„+T7T,y;tt,'b’) 


(10) 
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and 0n+m is the top generator of (S, u, v). Since Jj, Jg, are quasi¬ 
isomorphisms, Lemma 3.3 from |AE| completes the proof. □ 

Choose the markings s and t on the Heegaard diagram so that for each one of 
the pairs {z,s) and {v,t) there is an arc connecting them on the Heegaard surface 
which cuts /3g in a single transverse point and stays disjoint from all other curves 
in a U /3 U /3' U /3„ U see Figure]^ Consider the chain map 

Eof : CFK(iC„+„,s)©CFK(iL„+„,s + m) -^CF(r), 

7'W= E E #(-^(A)).y, 

yeT„nTf, Aen°{x,y,s,t) 

where 5 : CF(S, a, /3; s) —>■ CF(S, a, /3; u) is the chain homotopy equivalence given 
by the Heegaard moves which change (S,q:,/3;s) to {T,,a,f3-,u). 

—5 

Lemma 2.2. The chain maps and So/ are chain homotopic. 

Proof. Note that the aforementioned Heegaard moves consist of 2^ — 2 han¬ 
dle slides (composed with isotopies) on /3, supported away from the markings 
s,t. Denote the corresponding g-tuples of curves by (3^ = (3, (3^,, where 
CF(a, (3^^~^\ s) may be identified with CF(E, a, /3; u). 

The Heegaard triple (E, a, I3^~^, [3^; s) and the top generator 0* of s, t) 

determine a chain map 

S* : CF(a,/3*-^s) ^ CF(q;,/3^s). 

The Heegaard triple (S, a,/3*; s, f) together with the top generator 0^ of 
(E, /3*; s, t) determines a chain map 

P : CF(Q;,/3„+^;s,t) —S> CF(a,/3*; s). 

Finally, the Heegaard quadruple (E, a, f3^_^_^, j3^~^,(3^; s, t) together with 0}”^ and 
0 *, determines a homomorphism 

W : CF(E, a, s, t) CF(E, a, /3*; s). 

Considering different boundary degenerations of the one-dimensional moduli 
space associated with a square class of index 0 we find 

(11) doW+ W od = P+E^ o p-^^ i=l,...,2g-2. 

Let us define 

H = o H'^9-3 529-2 Q ^2g-3jj2g-4. -^ (5^3-2 o . . . S^) O i/b 

Using 0 we find 

doH + Hod = + 5 o /o, where S = S^s-^ o ... 2b 

Restricting the above equation to CFK(iF„_|_m,s)©CFK(iF„^_m,s-|-m) we are done, 
once we note that is the restriction of and / is the restriction of /°. □ 
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3. The homomorphisms in the surgery triangle 

Consider the triply punctured Heegaard 5-tuple CE, a, /3 q, (3i, (3^, I3]u,v,w), as 
before, and assume that the local picture around the curves Aq, Ai, Am, Aoo is the one 
illustrated in Figure The top generators 0o,i, ©gi and 0/^ of the Heegaard dia¬ 
grams CE, (3q, (3i]u,v,w), CS, f3i, f3^]u,v,w) and CS, f3^, f3]u,v,w) (respectively) 
determine the holomorphic pentagon map 

: C^{Kq,s) —^ CF(T) 

P=(x):= ^ ^ #iM{o)).y 

y^TaPlTyg OG'7r^^(x,0o,i,0g]^ 

Every pentagon class O € 7r^^(x, 0o,i, 0gi, 0/^,y; w, n, ic) corresponds to a 1- 
dimensional moduli space with boundary. The boundary points are in correspon¬ 
dence with the degeneration of the domain of O into two parts. Since the generators 
00 , 1 ,0gi and 0/j are closed, the degenerations into a bi-gon and a pentagon corre¬ 
spond to the the coefficient of y in {dood) {x) . The remaining degenerations 
are the degenerations O = □ * A to a triangle A with Maslov index 0 and a square 
□ with Maslov index —1 which miss u,v and w. The possibilities are 

(1) □ G 7r2(z, 0g^,0/my) and A G 7r2(x, 0o.i, z), 

(2) □ G 712(x, 00,1,0gi,z) and A G 7r2(z,0/my), 

(3) □ G 712(x, 00,1,0, y) and A G 7r2(0gi, 0/^, 0), 

(4) □ G 7r2(x, 0,0/i,y) and A G 7r2(0o,i, 0gi, 0), 

(5) □ G 712(00,1, 0gi,0/i,0) and A G 7r2(x, 0,y). 

First type degenerations correspond to the coefficient of y in {H^^ o f^)(x), where 

: CFK(iGo,s) ^ CFK(iGi,s) 

is a chain map so that the induced map : IHIo(X,s) —>■ IHIi(iG,s) happens to be 
the homomorphism which appears in the splicing formula of |Ef4] . Degenerations 
of type 2 correspond to the coefficient of y in /f o (x), where is defined by 

: CFK(Xo,s) —^ CFK(iGm,s) © CFK(iGm,s + m - 1) 

E E #{M{D)).Z. 

ZeTcDT^^ (x,©o,l ,0g^ ^z-,u,v,w) 

In a degeneration of type 3, the contributing triangle classes A come in canceling 
pairs. The total (signed) count of such degenerations is thus trivial. Furthermore, 
there are no holomorphic representatives for the square classes which appear in 
the boundary degenerations of type 5, i.e. we may assume that there are no such 
degenerations. In a degeneration of type 4, the moduli space corresponding to A is 
trivial unless 0 = Qgg and A corresponds to the union of small triangles connecting 
00,1,0gi and 0gp. In this latter case the signed contribution of such triangles is 1. 
The signed count of such boundary degenerations is thus equal to 

^ ^ #{MiD)).y = H^x). 

yeTo,nT ,3 (x,0gp ,0/^ ,y;u,v,w) 

Summarizing the above observations we arrive at the following. 

Lemma 3.1. With the above notation fixed 

(12) doP^ + P^od + Hl^=f(oH^-Hl^of^. 
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Figure 1. The arrangement of the curves on the Heegaard sur¬ 
face. Other curves and handles appear on the shaded yellow area. 

Next, we analyse the map via degenerations of holomorphic squares. For 
a square class □ G (x, 0 o,i, 0 gi, y; m, n, w) the moduli space 7W(n) is one di¬ 
mensional, and has 6 types of boundary ends, corresponding to the degenerations 
of the domain. Since 0o,i and 0^^ are closed, the 4 types of degenerations of 
the square class to a square and a bi-gon correspond to the coefficient of y in 
{doH^ + od)(jK.). The remaining boundary ends correspond to a degeneration of 

□ to a pair of triangle classes. The degenerations □ = A'aA with A G 712 (x, 0oq, z) 
and A' G 712 (z, 0gi, y) correspond to the coefficient of y in (gj o f^)(x). 

The more tricky and interesting part is the contribution of the boundary ends 
which correspond to the degenerations of the form □ = A' * A with 

A'G 712(00,1, 0gi, 0; M, u, in) and A G 7r2(x, 0, y; u, n, in). 

There are precisely two generators 0 such that there is a corresponding A' = 
Ae associated with them such that A4{Aq) is non-empty. One of these classes 
corresponds to 0 = 0 gQ and the other one corresponds to the generator 0 ^^ which 
is obtained from 0gjj by changing q to the intersection point < 7 ' G Aq H Am which is 
next to q (see Figure [^. The total contribution of such boundary ends is thus 

^ #(A4(A)).y+ ^ #(M(A)).y. 

yGT„nT,3^ yGT„nT3„^ 

AGir 2 (x, 0 gp ,y,u,v,w) AGtt® (x,0'g^ ,y,u,v,w) 

Let ( 7 q(x) = (( 7 q j^(x), ( 7 g 2 (x;)) denotes the decomposition of in 

CFK(ifm,s) 0 Cre(ifm,s + to). 

Then the above sum is equal to go.i(^) + where 

: &^{Ko,s) —^ CF^(iGm,s + TO- 1) 

is defined by the second sum above. In Section]^ we show that for sufficiently large 
m and an appropriate Heegaard 5-tuple we may assume that there is an embedding 

r : Cf^{K^,s + m) —^ CFK(A:m,s + to - 1) 
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such that G'®(x) = ^^(ffo, 2 (^))- Set 

0 0 CFK(X„,t), 

tG{s,s+m} tG{s,s+m—1} 

G^(xi,X 2 ) := (xi, J=(x 2 )). 

The above observations imply the following. 

Lemma 3.2. With the above notation fixed we have 
(13) do od = glof^- Gl,og^. 

Let us now consider the Heegaard 5-tuple H = (E, a, (3, f3'-, u, v, z) where 

the curves in 0 = {0^,0^} are small Hamiltonian isotopes of the correspond¬ 
ing curves in f3. Moreover, we assume that the intersection pattern between 
Ai,Am,Aoo = fig and = 0g and the location of u,v and z follows the pattern 
illustrated in Figure Using the punctured Heegaard diagram (li,a,0;u,v,z) 
we may form the chain complex associated with K and s G Spin'^(Y, if). We will 

thus denote this latter chain complex by CFK(if, s). Associated with the Heegaard 
diagram {T,, (3,0;u,v, z) there is a top generator which may be denoted by 
Unlike most of such situations <d0 is not closed and d{Q0) = ©oo is the generator 
which is obtained from Q0 by changing the choice of intersection point in Aoo H . 
By construction, ©oo is closed. The diagram H defines a pentagon map 

: CF^(ifi,s) —^ CFK(A:,s), 

Q^(x)= 5 ] #(A^(o)).y. 

ySTcOT,,/, s(y)=5 
Oe7r^^(x,0g,^ ,Qf-^ ,&oo,y',u,v,z) 

For O S 7 r^^(x, 0g^ , ©/i > ©ooj y; u, v, z) consider the ends of the 1-dimensional mod¬ 
uli space M{Q), which correspond to the degenerations of the pentagon either to a 
bi-gon and a pentagon, or to a triangle and a square. There are five types of degen¬ 
erations of each one of these two forms. Since ©g^, 0/^ and ©oo are closed, the first 
five types of degenerations correspond to the coefficient of y in {doQ^ + Q^ od) (x). 
Other degeneration are of the form O = □ * A of one of the following 5 types: 

(1) □ G 7 r 2 (z, ©/^,©oo,y) and A G 7 r 2 (x, ©g^.z), 

(2) □ G 7 r 2 (x, ©gj,©/j,z) and A G 7 r 2 (z, ©oo,y), 

(3) □ G 7 r 2 (x, ©gi,©,y) and A G 7r2(©/i, ©oo, ©), 

(4) □ G 7 r 2 (x, ©,©oo,y) and A G 7 r 2 (©gi, ©/^, ©), 

(5) □ G 7 r 2 (©gi,©/i,©oo,©) and A G 7 r 2 (x, ©,y). 

The first type in the above list corresponds to the coefficient of y in the expression 
(/® o g|)(x), where P is defined by 

Piz)= 

yGTcOT^/, s(y)=s 
□ G7r^^(z,0j-^ ,Qac,y',u,v,z) 

The second type in the above list corresponds to the coefficient of y in (X^oH^ )(x), 
where is defined by 

A^(z)= ^ #(Af(A)).y. 

yeTaflT^/, 5(y)^s 
AG'7r2(z,0oo,y;'li,'U,2) 
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Considering the local multiplicities around Aoo C one may conclude that there 
are no triangle classes A € 7r2(z, ©oo, y; R, v, z) with positive domain. In particular, 
is trivial. There are no triangle classes which contribute in the degenerations 
of the type (3). The triangles which contribute in degenerations of type (4) come 
in canceling pairs. Thus the total number of boundary ends corresponding to 
degenerations of types (3) and (4) is zero. There is a unique square class 

□ e TT^^{Qg,,Qf^,Qao,Q;U,V,z) 

with non-trivial contribution to the degenerations of type (5). For this square class 
0 G n T^/ is the top generator, and the class □ has a unique holomorphic 
representative. The top generator 0 may be used to define 

fg : CFK(A:i,s) —^ CJ^(iF,s). 

The contribution of the degenerations of type 5 thus corresponds to the coefficient 
of y in fQ(x). The map on homology induced by fp coincides with the map used in 
the splicing formula of [EM| . 


Define the maps Fq : M(/f) —>• CFK(i4r,s) and : M{fQ) AF(/f) by 


^o(xi,X 2 ) :=/^(xi), where 


^i(xi,X 2 ) := (G^(xi),-X 2 ), where 


xi e CFK(iF™,s)©CFK(iF„,s + m-l) 
X2 G CF(y). 

xi G © CFK(iF™,s + m) 

X2 G CF(y) 


With this notation fixed, the outcome of the above observations, together with 
Lemma |3.1| and Lemma |3.2| is the following theorem. 


Theorem 3.3. With the above notation fixed, the following diagram is commuta¬ 
tive, upto chain homotopy 


CFK(iFo,s) ^ CFK(iFi,s) 


CF^{K,s) 


(14) 


Id 

MifS) - Mif!) —^ CFK(iF,s) 


Proof. By the discussion preceding the theorem, we have 

jl-F^oil=doQ^+Q^od. 

This proves the commutativity of the right-hand-side square upto chain homotopy. 
To prove the commutativity of the left-hand-side square, define 

: CFK(iFo,s) ^ i?^(x) := (-iL^(x), P^(x)). 

We thus hnd 

{do R^+R^ od){x) = d{-H^{x),P^{x)) + (i?^ od)(x) 

= {{GL °9o-9l° f^)(x), [doP^ + P^od- f^o iL")(x)) 

= -{{ 9 l°flc-Gl^o g^)(x), {Hl^ of^ + iL^J(x)) 

= (Pio*g-zfof^)(x). 
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The second equality follows from Lemma |3.2[ while the third equality follows from 
Lemma |3.1[ This observation completes the proof of Theorem |3.3| □ 


4. Surgery and splicing formulas for knots 


4.1. Surgery formulas. Theorem 2.1 implies that CFK(it'„,s) is quasi-isomorphic, 


for m sufficiently large, to the mapping cone of the chain map 

: CFK(K„+™,s) 0 CFK(K„+^,s + m) CF(y). 


When the curve Xn+m is very close to the juxtaposition of A and (n + m)/3g, and 
it cuts Pg almost in the middle of the winding region, this mapping cone has a 
particularly easy description, which is described below. 


With the above choice we may assume that associated with every generator x for 
the Heegaard diagram (S, a, /3; u), which in turn is a generator of CF(y), we obtain 
n + m generators for (S, a, u, u). These n + m generators will be denoted 
by xi_i,X 2 _z, ...,Xm+n-/, where I = [m/2j and x^ is on the left of /3g if i < 0 and 
is on the right of fig otherwise. The rest of generators for the Heegaard diagram 
(S, a,M, u) are in correspondence with the generators y of (E, a,/3 q; u, u). 
Every such generator will be denote by y. With this notation fixed we have 


s(x*) = 


and s(y) = s(y) + n + 


I s(x) + i if z > 0 

ls(x) + n + TO + i if i < 0 

Restricting our attention to the relative Spin^ classes s and s + m we find 

CFK(is:„+m,s) = (xs_ 5 (x) I X e T„ n T ;3 and s(x) < s) , 

CYK{Kn+m,5 + m) = (xs_ 5 (x)_„ I X e Ta n and s(x) > s - n) , 

If the curve Xn+m is sufficiently close to the juxtaposition X-k {m -\- n)fig the first 
complex is identified with the sub-complex 


(x I X G T„ n and s(x) < s) 

of CF(E, a, /3; u), while the restriction of the map to CFK(iF„_|_m,s) is identified 
with the inclusion of the aforementioned sub-complex in CF(y). Similarly, the 
second complex is identified with the sub-complex 


(x I X G Ta n and s(x) > s — n) 

of CF(E, a, f3; s) while the restriction of the map /* to CFK(Rr„+m,s + m) is iden¬ 
tified with the inclusion of the aforementioned sub-complex in CF(E, a,/3; s). 


Let C = Ck denote the Z©Z-filtered chain complex generated by triples [x, i, j] 
with X G Tq nT/ 3 , i, j G Z and s(x) — i+j = 0. The differential of C is defined by 

d[^,i,3]= X! X! # (-^W) [y.* -- ^s{(/>)] 

y^T^nT^ <?!)G7r2(x,y) 
oo 

a,6=0 
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Since d o d = 0 we conclude that d°’° o d°’° = 0, while 
dO,i od°’° + d°’° od°’i = 0, 

(15) d^’°od°’° + d°’°od^’° = 0 and 

dhi o d°’° + d°’° o d^’i + d°’i o di’° + d^’° o d°’i = 0. 

Following |OS3| (or the notation set in the introduction) CF(y) is identified as 
C{j = 0}, while CFK{Kn+m,s) and CF(iF„+m,s + m) are identified with 
C{i<5,j = 0} and C{i = 0,j < n — 5 — 1}, 

respectively. There is a chain homotopy equivalence S from C{i = 0} to C{j = 0}. 
The following is thus just a re-statement of Theorem |2.1[ 

Theorem 4.1. Fix the above notation and a class s G Z = SpiiT(y,iF). Then 
CFK(iF„,s) is quasi-isomorphic to the mapping cone M(z^) of 

in ■ C{i < s,j = 0} 0 C{i = 0, j < n - s - 1} — C{j = 0}, 

*n([x,*,0], [y,0, j]) := [x,i,0] + S[y,0,j]. 

4.2. The bypass homomorphisms. We now turn to understanding the maps 
Fq and F^ (which will be called the bypass homomorphisms) under the above 
identifications. To understand Fq, one should identify on 

CFK(iF^,s) 0CFK(iF^,s + m- 1) = C{i<5,j = 0} 0 C{i = 0,j < -s}. 

Let X G Tq, nT^, Xj be the corresponding generator in CFK{Kni) and suppose that 
□ G 7r^^(xi, 0/^, 0oo,y; M, n, 2 ) contributes to P. Looking at local coefficients im¬ 
plies that i = —1. In particular, s(x) = s(y) = s and x_i corresponds to the gener¬ 
ator [x, 0, —s] G C{i = 0,j < —s}. There is a particular square class with very small 
domain which connects x_i, 0/^, 0oo and x and has non-trivial contribution to P. 
Considering the energy filtration and modifying CFK(iF,s) = C{i = 0,j = —s} by 
the chain map P\c{i=o,j=- 5 } which is a change of basis , we may thus assume that 
Fq is induced by projecting the factor C{i = 0,j < —s} in the mapping cone of if 
over the quotient complex C{i = 0,j = —s} = CFK{K,s). 

In order to study the map F^ we need to understand the map 
: C^{Kq,5) —^ CFK(iF^,s 0 m - 1). 

Local considerations imply that for a triangle class A G 7r2(x, 0g(,, y; u, v, w) which 
has non-trivial contribution to G® we have y = Zi with z G Tq, H T^g and i < —2. 
Every such A corresponds to a triangle class A' G 7r2(x, 0^^, z^+i; rt, n, w), and if 
Am is sufficiently close to the juxtaposition A * mftg and m is sufficiently large the 
moduli spaces A4(A) and A4(A') may in fact be identihed. Note that s(zi_|_i) = 
s{zi) 0 I = s 0 TO and that these latter disk classes A' are the disk classes which 
contribute to the holomorphic triangle map Pq 2 - The image of G® is thus in 

C{i = 0, j < -s - 1} C CF^{Km,s 0 TO - 1) = G{i = 0, j < -s}, 

P : CFK(iGm,s0TO) = G{i = 0,j < -s - 1} 

—^ CFK(iFm,s 0 TO - 1) = G{i = 0, j < -s} 


and if 
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denotes the inclusion, G'®(x) = J^{g^ 2 (^))- This implies the following theorem. 


Theorem 4.2. Under the identification of CFK{K,,s) with M{il) for • = 0,1, 
is given by the inclusion of M(iff) in M(i\) as a sub-complex, while Ff is given 
by the quotient map. In particular, we have a short exact sequence 


0 


Mitf) 


F^ 


M(zl) 


CFK(X,s) = 

M(if) 


0 . 


Theorem 4.2 implies that the second row in (14) is part of a short exact sequence. 
The discussion preceding Theorem 4.6 in |Ef4j implies that the initial Heegaard 
diagram may be chosen so that the first row is also completed to a short exact 
sequence. We thus have the following commutative diagram (upto chain homotopy): 


0 


(16) 


0 


CFK(Xo,s) 


M(il) 


f 

t O 


F^ 


CFK(ifi,s) 


Mill) 


fo 


CFKiK,s) 


Id 


CFK(K,s) 


0 


0 


In particular, in the level of homology, the connecting homomorphism of the short 


exact sequence in the second row of (16) is identified with the connecting homomor¬ 


phism of the first row, which is used in the splicing formula of [Ef4j . A completely 
similar argument identifies with the inclusion map from M(if~^) to M(i\) 
and Jq with the quotient map Eg to CFK(Er,s), while is identified with the 
connecting homomorphism of the short exact sequence 


(17) 


M(f 


S—1> 
0 > 


e: 


Mipl) 


f: 


cfk(e:,s) 


0 . 


Proof, (of Theorem |1.5| ) For • = 0,1, let us define 

C,iK)= 0 C.(AT,s), where C,{K,s) = M(il). 

sGSpin^(Y,K) 

Let Coo(Ar) = 0^ Coo{K,5), where Cao{K,s) = C{i = s,j = 0}. The chain maps 
Eoo,Eoo: Co{K) —)• Ci(K) and Eg, Eg: Ci(K) —>• Cao{K) sit in the short exact 
sequences 


0 


0 


Co{K) 


Ci{K) 


Eg 


C^K) 


CfiK) ^ C,iK) C^iK) 


0 


0 


and 


The maps induced by E, and E, are f, and f,, respectively. Thus, Proposition 7.2 
from |EM] may be applied here to complete the proof of Theorem |1.5[ □ 


5. The linear algebra of bypass homomorphisms 

5.1. Nilpotent compositions. Let AT be a knot inside the homology sphere Y 
and let us continue to use the notation of the previous sections. 
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Lemma 5.1. Let x S CFK(i4r, s) be a elosed element and [x] denote the class 
represented by x in HFK(iF,s). Then 

o o FlM = [di’°(x)] and o o Ff )[x] = [d°’\^)]. 


Proof. Sinc e Fi is the connecting homomorphism associated with the short exact 
sequence (17l, in order to compute Fi[x] note that x is the image of ([x,s, 0], 0, 0) G 
M(zf) under the quotient map. The differential of M{i\) takes this element to 

[ ^[F’°(x),s - z,0],0, [x,s,0] j G 




Since dP’^{x.) = 0 this latter element is in M(zq ). ^ is the inclusion, thus 

(f^-^ofI) [x]= (f;[F°(x),s-z,0],0,[x,s,0]) GM(zr') 


The projection map Fq ^ takes this latter element to the closed element d^’^(x) in 
CFK(F,s — 1). The second claim is proved similarly. □ 


Corollary 5.2. For every relative Spin'^ class s the map 

fo o foo o fi O fo o o ■■ ^ HFK(F,s) 

is nilpotent. 


Proof. It suffices to s how that F = Fq o F^o o Fi o Fq o F^o o Fi is nilpotent. 
However, by Lemma 5.1 for x G HFK(F, s) we have 
F[x] = [di-°(d°'i(x))] 


(F’° o F’l)" (x)] = [((di'O)” o (F’l)") (x) 


^ F’^jx] = 

where the last equality follows by an inductive use of ( fl^ . Since [(d°dj"(|x)] is in 
HFK(F, s + n) and for large values of n HFK(F, s + n) is trivial, it follows that F” 
is trivial if n is sufficiently large (e.g. if n > 2^ where g is the genus of K). □ 


5.2. Block decomposition for bypass homomorphisms. Let us assume that 
the chain complex C is defined from the Heegaard diagram {T,,cy., f3]u,v). Changing 
the role of the two punctures gives the duality maps 

r. =t.(F) :H.(F)—^H.(F), •g{0,1,cx)}. 

These duality maps take IHI,(F,s) to IHI,(F, —s) if • = 1, oo, and to IHIo(F, 1 — s) 
when • = 0. Furthermore, we have r, o r, = Id. Following the notation of [Ef4j . in 
a basis for IHI,(F) where f, takes the block form (j g^, we assume that 

(18) “ (c! fI) •G{0, 1,oo}. 

As observed in lEU, one can then compute 

fo = T-oo O fo O n, fl = To O fl O Too and foo = F O O Tq. 
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Define X, = X,{K) by Xq = BiBqBoo^Xx = B^oBiBo and X^o = BoB^oBi. We 
denote the rank of F, by a, = a,{K), for • = 0,1, oo. Thus Oi, Ooo and Oq + 1 have 
the same parity. Note that Bq,Bi and B^o are (respectively) matrices of size 

Ooo X oi, Oo X Ooo and ai x oq. 

Lemma 5.3. If K is a knot of genus g > 0 then B, 0 for • G {0,1, oo}. In 
particular, a, > 0. 


Proof. Since II^{M{iQ)) = 0 by Theorem 

F^:M,iK,g)- 


4.1 


the map 

^iK,g) 


is an isomorphism. From here and by duality Fq ^ is also an isomorphism. Similarly, 
Ff* (M (iC®)) ~ HF^(F:, -g) and 
H, {M ( 7 -®)) ~ HE^(iF, -g) 0 HFK(iF, -g). 


Thus F^^ is surjective, i.e. Fq ® is trivial, implying that: 

• Ker(Fo) \ Ker(Fo) is non-empty. 

• Im(Fo) \ Im(Fo) is non-empty. 

Returning to the matrix presentations, the first claim above implies that 


3(“)eHi(iF) s.t. 


f»=(! S)(9 

W(fe ai; Site s® 


Thus a = 0 and 7 ^ 0. In particular, Bi 0. Similarly, the second claim 

above implies that Ker(Fi) \ Ker(Fi) is non-empty and thus B^o 7 ^ 0. 

For non-triviality of Bq, choose x € EIoo(Fr, g). This element may be represented by 
y = [x,g,0] G C{j = 0}. Thus, d*fy G C{i < gj = 0} and Ff(x) = {d*’°y,y,0) G 
M{iQ~^) is thus in the kernel of Foo- If = 0 Ih^n F®(a;) = Ff~^{x') 

for some x' G M.ao{K,g — 1). In other words, if we denote the dual of [a;', 0,1 — g] 
by z G C{i < I — g,j = 0}, the above equality implies 


y GC{i < g,j = 0}, 
z G Cji < 1 - = 0} 


(d*'°{y-y) = 0 
s.t < d*’°(z - z) = 0 

[ (y — y) 0 (z — z) is exact. 


Note that —y 0 z — z G C{i < g,j = 0} while y represents a non-trivial element in 
the homology of the quotient 


C{i = = 0} 


C{i < g,j = 0} 
C{i < g,j = 0}’ 


Thus (y — y) 0 (z — z) can not be exact, and Ker(Foo) \ Ker(Foo) can not be trivial. 
From here, an argument similar to the preceding two cases implies Fq 7 ^ 0- D 


Lemma 5.4. With the above notation fixed, the three matrices X, are all nilpotent 
for • G {0,1, 00 }. In particular, if the knot K is non-trivial both the kernel and the 
cokernel of X, are non-trivial. 
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Proof. The first claim is a direct consequence of Corollary |5.2| once we represent 
F, — F,{K) as (j q) and note that F, = F,{K) are given by 

Fq = t^FqTi, Fi = toFiToo and F^ = tiF^tq, 

which implies FoFooFiFqFooFi = Thus there is a positive integer N 

so that Xi =0. As a consequence = 0 for • = 0,1, oo. The second claim is 

a consequence of the first claim unless a, = 0. However, by Lemma [531 a, > 0. □ 


Definition 5.5. The knot K inside the homology sphere Y is called full-rank if all 
three matrices Bq{K), Bi{K) and Bao{K) are full rank. 


If P, is an invertible a, x a, matrix and the matrices Y, are arbitrary matrices 
of correct size, we may choose a change of basis for either of IHIo(A'),IHIi(A') and 
EIoo(Ar) which is given by the invertible matrices 


(19) 


- 0 — 


Poo 0 

To Pi 


Po 0 

Tl Poo 


and Poo 


Pi 0 \ 

Too Po 7’ 


respectively. The block forms P, = (j q) remain unchanged under such a change 
of basis. A simultaneous change of basis of the form illustrated in (19) is called 
an admissible change of basis. The following lemma will be useful through our 
forthcoming discussions. 


Lemma 5.6. Suppose that K is a knot in a homology sphere and for • G {0,1, (X)} 
let T, denote t,{K) and X, denote the matrix X,{K). Choose 

(o,*,*) e {(0, l,oo), ( 1 , 00 , 0 ), ( 00 , 0 ,1)}. 


(1) If Bo{K), B,(K) are injective and B^.{K) is surjective, after an admissible 
change of basis we may assume that 


( 20 ) 




/o 0 0 

I 0\ 

0 

A 

0 0 0 

0 / 

★ 


0 0 * 

0 0 

u 


1 0 0 

\0 / 0 

0 0 

0 0/ 


and 



(2) If Bo{K),B,{K) are surjective and B^[K) is injective, after an admissible 
change of basis we may assume that 


( 21 ) 



0 I\ 

/O 0 

0 0 

0 / 0\ 
0 0/ 


* 0 , To = 

0 0 

* u u 

V/ 

0 oj 

I 0 

0 0 0 



\0 I 

0 0 0/ 


and = 


/-k ★ ★ 

* \ 

/ * Tk- 

* 1 

1 * k 

X \ 

V* ■*- k 

0 / 


Proof. The proof consists of straight-forward linear algebra. 


□ 


6. Splicing and homology sphere L-spages 

6.1. Special pairs. Given an arbitrary matrix M denote the rank of Ker(M) by 
k{M), denote the rank of Coker(M) by c(M) and set i{M) = k{M) -\- c{M). The 
matrices Mi and M 2 are called eguivalent if k{Mi) = k{M 2 ) and c{Mi) = c{M 2 ). 
If M* e (P) for * = 1,2 are a pair of matrices, (g)M^ S Af„j„ 2 xmim 2 (P) 

is the associated map from ^ ^"*2 ][rniu -2 = pni ^ ]p'« 2 _ 
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Let Y = Y{Ki, K 2 ) denote the three-manifold obtained by splicing the com¬ 
plements of C Yi and K 2 C I 2 , where Yi and Y 2 are homology spheres. For 
□ S {A, B, C, D, X, t}, • G {0,1, 00 } and * G {1, 2} let □* = Proposition 

5.4 from [Ef4| and the discussion following it give the following. 


Proposition 6.1. If Ki is a knot inside the homology sphere Yi for i = 1,2, 
rnk HF(y(i^i,iG 2 );F) = z(2)(iFi, 1 ^ 2 )), 


where the matrix Ti{Ki, K 2 ) is given by 
8 BUI 


1 8 

bJoB; 8 1 

Dl,B{ 8 DUo 
0 


DUi 8 B^A? DlB^ 8 B^A? 
B{AJ8B^A? 


\ 


/8B^Bi 


I®Df,Bi 


b^a; 8 B'Ul 
0 

0 

B^AJ 8 / 
/ 8 /+ 

Dl^A\ 8 DUl 


I<S>B'iBi 


+XlBh, 8 BU! 


BjBi, 8 B^A^ 
+YiB^ 8 BgXj 


Definition 6.2. The pair {Ki,K 2 ) is called a special pair if 


0 N 

bUIo ® I 
0 

+XIAI, 8 BUi ’ 
0 

/ 8 /+ 

dul ® buL 

+X}Al®Df,X! / 


HF(y(iFi,iG2);F) =F. 


Let us assume, throughout this section, that {Ki,K 2 ) is a special pair, which 
is the case if and only if i{'I){Ki, K 2 )) = 1. Let fc* = k{Bl) and c* = c{Bl), for 
★ G {0,1, 00 } and * = 1,2. Define i : {0,1, 00 } —)• {0,1, 00 } by ^(0) = 00 , z(l) = 1 
and z(oo) = 0. Let iD = ^{Ki, K 2 ) and note that the cokernel of J) includes a 
subspace C(ID) and its kernel includes a subspace K(S)) which are isomorphic to 

0 Coker(i3^) (g) Coker(i?j^^,j) and 0 Ker(i3^) (g) Ker(i?j^(-,j) 

• G {0,1,00} •G{0,1,cxd} 

respectively, and correspond to the first, second and fourth rows, and to the first, 
third and fifth columns, respectively. Moreover, if 0 Dg -|- Dq (g) = 0 (which 

may be assumed after an admissible change of basis if cj^^/cg = fcgC^ = 0) the 
cokernel also includes a subspace isomorphic to Coker(i3,^) 0 Coker(i3^) and the 
kernel includes a subspace isomorphic to Ker(i3g) 0 Ker(i3Q). Denote the ranks of 
K(S) and C(D) by fc(J)) and c(2)), respectively. Thus k{'D) + c(S)) < 1 and 

^(®) = ^ ^(®) and c(D) = ^ c(S). 

• e {0,1,00} •G{0,1 ,oo} 

Proposition 6.3. If [Ki^K 2 ) is a special pair, then possibly after interchanging 
Ki and K 2 , one of the following is the case: 

(G) Ki is full-rank. 

(S-1) The matrix Bq is invertible, Bq is surjective and B\ and B^ are injective. 
(S-2) The matrix Bq is invertible, Bq is injective and Bl and B^ are surjective. 


Proof. We assume that {Ki,K 2 ) is a special pair, while none of Ki and K 2 is 
full-rank. Let us first assume that both k{'D) and c(£)) are zero. From the above 
assumption we find = 0 for • = 0, l,oo. If Bl is not a full rank 
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matrix then both cl and kl are non-zero. From here = c^(,) = 0, i.e. 
is invertible. Since the parity of Oq is different from the parity of af and o^, the 
matrices Bf and can not be square matrices. Thus i(*) = 0 and • = oo. In 
other words, we conclude that Bq and Bl are full-rank and Bq is invertible, while 
is not full-rank. Similarly, we may conclude that Bf is full-rank and Bq is 
invertible, while B]^ is not full-rank. Moreover, since c\c\ = k\k\ = 0, precisely 
one of B\ and B^ is injective, and the other one is surjective. Without loosing on 
generality we may thus assume that: 

• Bq and Bq are invertible, Bl is injective and Bf is surjective. 

• None of Bl^ and is full-rank. 

In particular, > c;^ > 0 and > 0. Since B^ and Bq are both invertible 

we may assume that = 0 and Dq = 0. From here the cokernel of S) includes a 
subspace isomorphic to Coker(i3^) 0 Coker(i3^), which is of size > 2. This 

implies that {Ki,K 2 ) is not special. 

From this contradiction, we conclude that one of fc(®) and c{D) is non-zero. 
Suppose that c(S)) = 1 and fc(D) = 0. For some • € {0,1, oo} we thus have 
cl = = I while klkff^^-^ = 0 and for * 7 ^ • we have = klk^f^^-^ = 0. With¬ 

out loosing on generality we may assume that kl = 0. Thus Bl is injective with 
a 1 -dimensional cokernel. In particular, the parity of the number of rows and the 
number of columns for Bl are different, i.e. • 7 ^ 0. Thus = k^k^^ = 0. Since 
is not a square matrix, at least one of and is non-zero, implying that 
at least one of cj and fcp is zero, i.e. Bq is full-rank. The assumption that Ki is 
not full-rank implies that Bl is not full-rank, where {*} = {l,oo}\ {•}. From here 

> 0. Together with = klk^^^-^ = 0 this implies that = 0, 

i.e. is invertible. Thus, i(*) = 0,* = 00 and • = 1. We thus conclude 

• Bq is invertible, B^ is full-rank, Bl is injective and Bl^ is not full-rank. 

• c} = c{ = 1 . 

Since Bq is invertible, we may assume that Aq = Bq = 0. If B^ is injective, we 
may also assume that Hg = 0 and that Coker(D) includes a subspace isomorphic 
to Coker(il{^) 0 Coker(il^) and of size Since 7 ^ 0 we conclude that B^ 

is surjective. From here = af < Uq — 1 and 1 — kf = cf — kf = Uq — > I. 

We thus find kf = 0 and K 2 is full-rank, a contradiction. Thus /cg > 0 and cj = 0. 

From fcgfc^ =0 we find = 0, i.e. B^^ is injective and the conditions of (S-1) are 
satisfied. A similar argument reduces the case fc(D) = 1 and c(D) = 0 to (S-2). □ 

Proposition 6.4. Given the pair of knots {Ki,K 2 ) where Ki is full-rank and 
(o,*, *) e 1(0, 1 , 00 ), ( 1 , 00 ,0), ( 00 , 0,1)1, 

(K) If BI,BI are injective and Bl is surjective then 

c(lD) > -I -and fc( 2 )) > 

(C) If BI,BI are surjectiveand Bl is injective then 

k{D) > klklf^,) + and c(S) > c{Xl)c{X^(,^B^^^^). 

Proof. The first claim in either of cases (K) and (C) is already observed in our 
earlier discussions. We thus need to prove the second claim in each one of the above 
two cases. The proofs are very similar and we will only go through the proof for 
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(o,*, *) = (0,1, oo). In fact, the proof of claim (C) for (o, •, *) is almost identical 
to the proof of claim (K) for (z(*), i(o), z(*)) because of the symmetry in the block 
presentation of D. 

We assume (o,*,*) = (0,1, oo). In case (K), after an admissible change of basis, 
we may assume that to{Ki),ti{Ki) and Too{Ki) take the standard form of (20). 
Since 0^ = 01= = 0, the (3, 2) entry and the (6,6) entry of the matrix D are 

both the identity matrix. The matrix S is thus equivalent to the matrix 


/ ® BUI+ 


BLB\ ® I 


\ D]^B\(^DlAl 


B\Bl ( 
0 


I®BlBl, 


Dl,A\®BlAl 


BLA\ ® / 

I®I+ 

Dl,A\®DlAl 


I®BlBl ^ 

BlBl,®I 
XlBl, ® BiXf 
I 0 DlBl ^ 


Replacing the block forms for r*(Rri) gives the following presentation of the above 
matrix 


/* * 101 0 

★ * 0 0 

0 0 

0 0 

0 0 

* * 10BIBI, 0 

★ ★ 0 I 0 I 

•k -k 0 0 / 

* 0 0 


★ k k\ 

■k 0 k k 

k 0 k k 

k 0 I ■* -*■ 

★ 0 k k 

k xlxl ( 8 ) B^Xf k k 

k k k k 

Ik 0 ★ ★ 

★ 0 k kj 


After subtracting I 0 BqB^ times the first row from the fifth row, the identity 
matrices which appear in the entries (1,3), (7,4) and (8,5) of the above matrix 
become the only non-zero entries of their respective columns. They may thus be 
used for the cancellation of the third, the fourth and the fifth columns against the 
first, the seventh and the eighth rows. We thus arrive at a 6 x 6 matrix equivalent 
to 23, which is of the form 


/k k k 0 

★ ★ ★ 0 

k k k X^ (8 I 

k k k 0 

* * * {I-\^XlXl)0B^Xf 

\k k k 0 


k 

★ ★ 
k k 
k k 
k k 
k k 


Since the kernel of 23 includes a subspace which is isomorphic to the kernel corre¬ 
sponding to the fourth column we find fc(23) > fc(Ar|)fc(i?oX^). 

For case (C), using Lemma 5.6 choose the standard block form of (21) for Ki. In 
particular, Aj, A} and Z3^ are all zero. The entries (3,2) and (5,4) of 23 are thus 
identity matrices which may be used for cancellation. Add B^Bl 0 BgXf times 
the second row of the resulting matrix to its third row, add B^^Bl 0 times 

the second row to the last row, and note that B\D\ = 0 to arrive at the following 
matrix, which is equivalent to 23: 


/ 0 BlBl0l l0BlBl 

l0Bi,B! D\Bl0Bl,Al Bl,Bl0l 

BlBl0{l + XiXi) 10BIBI DiBi,0BiAl, 
^Bl,B\0DlXlBl,Bl 10DIBI, DlBl0DiAl, 


0 \ 
B^Al 0 1 
DlA]„0BlAl, 

101+ 

DlAl,0DlAl, / 













22 


EAMAN EFTEKHARY 


Replacing the block forms of (21) for and Tao{Ki) we arrive at a 

matrix of the form 


/O 

-k 

-k 

-k 

★ 

0 

-k 

-k 

V* 


0 

★ 

★ 

★ 

)(/ + X|Xg) 
★ 

★ 

★ 


I® I 
0 
0 
0 

0 

0 

0 


k 

k 


0\ 

■k 

-k 

-k 

•k 

0 

-k 

-k 

*/ 


which is in turn equivalent to a matrix of the form 


/* 

-k 

-k 

-k 

0 

★ 

★ 

V* 


k k 
k k 
k k 
k k 


-k 

-k 

-k 


)(/ + XgXg) 0 0 0 

★ 

★ k k -k k 

k k k k k 


0 0 
k k 


In particular, we conclude c(S)) > c{XI)c{X'^Bq). This completes the proof of 
case (C) when (o, •, *) = (0,1, oo). □ 

6.2. The special cases (S-1) and (S-2). 

Lemma 6.5. If {Ki,K 2 ) is a special pair of type (S-1) or (S-2) then one of the 
knots Ki or K 2 is trivial. 


Proof. Suppose otherwise that {Ki,K 2 ) is a special pair of type (S-1) and that 
both Ki and K 2 are non-trivial. After an admissible change of basis, assume that 


( 22 ) 


Tn = 


/O 

0 

I 

0\ 


0 

0 


1 

u 

u 


Vo 

I 

0 

0/ 


= 

‘ OO 



0 

A 

li 

★ 


\i 

0 

uy 


and 




In particular, Aq, Dq and are zero. We may also assume that 
(23) = 


0 

I 


1 

0 



0 

0 , 

A = 

★ 


Vo 

0 

*y 


u 

uy 


and 


t-L = 


* 


V* 


In particular. A) and D\ are zero. The identity matrices which appear as entries 
(3,2), (5,4) and (6,6) in D{Ki,K 2 ) may be used for cancellation to obtain the 
equivalent matrix 


/ 0 


B\Bl ( 
0 


I®BlBl 


\ 




\ 


r2 d2 
-^0 -°oo 


DlBl,^ 

+X\Bl^ 

+BLM 


>BiAl 
8 B^Xj 
8) DjBi 


Subtracting XlB(^ 
equivalent matrix 

I 


) BqB^ times the first row from the third row we arrive at the 


0 


I 

BLBl 


BlBl 


BlBl ( 
0 


I®BlBl 


BlBl, 


)/ {I + XlXl)i 




DlBl 


BlAt. 


— U—OO —U' 00 

+Bl^A\®DlBl ) 
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Replacing the block forms of (22) and (23), the above matrix takes the form 


/ 


0 
0 

I(SSXl 

0 

0 
+ 

0 




V 


0 

0 

0 

{i + xixDi 
0 
★ 

0 


0 

0 

0 

0 

0 

0 

I® I 
0 




3Xi 

0 

^ (g) I 

0 

0 

0 

0 

0 




Subtract {I + X^X^)^I times the first row from the fifth row and use the identity 
matrices which appear as (1,3) and (7,4) entries of the above matrix for cancellation 
to arrive at the following equivalent matrix 


/ 0 
/®X2 
0 

Xi,®_ 


V 


(X 


0 

XL® I 
0 

- XLXL) e 
0 
0 


X" 


★ 

★ 

★ 

★ 


From the above presentation we conclude 

fc(D) > 2kiXl)k{Xl) > 2. 

This contradiction rules out the case (S-1). Ruling out the case (S-2) is similar. □ 

7. Incompressible tori in homology spheres 

7.1. The main theorem. 

Theorem 7.1. Suppose that Ki is a non-trivial knot in the homology sphere Yi 
fori = 1,2. Let Y = Y{Ki, K 2 ) denote the three-manifold obtained by splicing the 
complements of Ki and K 2 . Then the rank o/HF(y) is bigger than one. 


Proof. Suppose otherwise that F is a L-space. Thus (i^i, 1 ^ 2 ) is a special pair. By 
Proposition |6.3| and Lemma |6.5| we may assume that Ki is full-rank. In particular. 


one of the cases (K) or (C) from Proposition 6.4 will happen. Note that in case 
(K) the kernel of D is necessarily non-trivial by Lemma [5.4[ while in case (C) the 
cokernel of 2) is non-trivial. 

Let us assume that (K) is the case. Thus c(2)) = 0 and k{Xl) = = 1. 

\ r\-r'( I-?2 \ i wn-r^l i/-\tn l-nnl- 2 


Note that Ker(ilj^^_^j) C which implies that either is injective 

or Ker(ilj^^^^) = If the latter happens, we find 

Ker(R2,)) = Ker(R2,)X2.)) = Ker(i?,%)X2.)X2.)) = • • • = Ker(O), 

Since 7 ^ 0 this can not happen and we 


5.4 


since V%) nilpotent by Lemma 
conclude that is injective. 

Let us first assume that Bq is not invertible. 


= 0 we conclude that Bf. and Bf 


Then cl,cl 0. Since ciCi(,) = 


etc: 


'l(o) 


z(o) 


*(•) 


are both surjective. Thus K 2 is full- 


rank and by part (C) of Proposition |6.4| c(2)) > 0. This contradiction implies that 
Rg is invertible. Moreover, the argument implies that 0 S {o,*} and at least one of 
^i(o) i® trivial. It is easy to conclude from here that we are then either in 


case (S-1) or case (S-2) of Proposition 6.3 which are both excluded by Lemma [675 


The contradiction rules out case (K) of Proposition 6.4 Excluding the case (C) is 
completely similar. □ 
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Corollary 7.2. If the homology sphere Y contains an incompressible torus then 
rnk(HF(y,F) > 1. 


Proof. If Y contains an incompressible torus T, T will be separating and there will 
be a pair of curves A and /r on T such that A is homologically trivial on one side of T 
and fjL is homologically trivial on the other side of T. Since P is a homology sphere, 
the intersection number of p, and A is one. Let Ui and U 2 be the two components of 
Y — T and let 17i be the component containing a surface which bounds A. Capping 
off /J, C T = dUi by a disk and then gluing a three-ball gives a three-manifold 
Yi- The simple closed curve A represents a knot Ki C Yi- Similarly capping off 
A C T = dU 2 by a disk and then gluing a three-ball gives a three-manifold Y 2 
and /i represents a knot K 2 C Y 2 . Both Yi and Y 2 are homology spheres and Y is 
obtained by splicing Ki and K 2 . Since T is incompressible, both Ki and K 2 are 
non-trivial and Theorem 7.1 completes the proof of this corollary. □ 


7.2. Applications. We may use the relation between Khovanov homology of a 
knot inside the standard sphere and the Heegaard Floer homology of its branched 
double-cover, discovered by Ozsvath and Szabo |OS4| . to show the non-triviality 
of Khovanov homology for certain classes of knots. We emphasize again that the 
results presented here are all special cases of the the theorem of Kronheimer and 
Mrowka [KMj that Khovanov homology is an unknot detector. 

Definition 7.3. A prime knot K C is an n-string composite if there is an 
embedded 2-sphere intersecting the knot transversely which separates {S^,K) into 
prime n-string tangles. A 2-string composite knot is called a doubly composite 
knot. 

We refer the reader to |Bleij for more on doubly composite and doubly prime 
knots, and only quote the following lemma from that paper: 

Lemma 7.4. A prime knot K C is a doubly composite knot if and only if 
the double cover Yt{K) of branched over the knot K contains an incompressible 
torus T which is invariant under the non-trivial covering translation and meets the 
fixed point set of this map precisely in 4 points, and separates Y(Kr) into irreducible 
boundary irreducible pieces. 

Corollary 7.5. If the prime knot K C is doubly composite, the rank of its 
reduced Khovanov homology group ¥Ai{K) is bigger than 1. 


Proof. If K is doubly composite, by Lemma [7.4| there exists an incompressible 
torus T inside the three-manifold Y,{K). Thus the rank of HF(E(Kr),F) is bigger 
than 1. By the main theorem of [OS4] there is a spectral sequence whose £'^-term 
consists of Khovanov’s reduced homology Kh(A') of the mirror of K with coefficients 
in F which converges to HF(E(A), F), and is of rank greater than 1 by Theorem 
Thus the rank of Kh(iF) is bigger than 1 as well. □ 

Furthermore, if A is a prime satellite knot, we will have an incompressible torus 
in the complement of K. This torus gives an incompressible torus in the double 
cover E(A) of branched over the knot K. Thus, Heegaard Floer homology of 
I](A) will be non-trivial. We thus have the following corollary: 


7.1 
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Corollary 7.6. If K C is a prime satellite knot the rank of its reduced Khovanov 

homology group Kh{K) is greater than 1. 

In fact, we may prove a slightly more general statement: 

Proposition 7.7. If the rank of the reduced Khovanov homology K]i{K) of a non¬ 
trivial knot K C is one, the double cover of , branched over the knot 

K, is hyperbolic. 


Proof. Note that if a knot K is doubly composite Corollary |7.5| implied that the 
rank of Kh(it') is bigger than 1. Thus, K has to be doubly prime. By Thurston’s 
orbifold geometrization theorem (see m and [CHKj l the branched double cover 
'^{K) is a geometric manifold and there are three possible cases. 

1- S(itr) is a Lens space and thus admits a spherical structure. If HF(I](iL)) is one 
dimensional, S(iL) is forced to be the standard sphere and K is trivial. Thus in 
this case, the rank of Kh(iL) is bigger than 1 only if K is trivial. 

2- S(iL) admits a Seifert hbration and if is a Montesinos knot with at most three ra¬ 
tional tangles. If S(if) is not a homology sphere, Kh(if) is clearly different from F, 
and if it is a homology sphere which admits a Seifert hbration and HF(E(if)) = F, 
we know (see |Rusj or |Ef5p that S(if) is either the standard sphere, or the Poincare 
sphere. Moreover, for E(if) to be the Poincare sphere we should have K = T(3, 5), 
i.e. K is the (3, 5)-torus knot, or equivalently (—2,3,5)-pretzel knot, which is IO 124 
in Rolfsen’s table (see |HW| and [Rolf] !. Kh(T(3, 5)) has rank 7 by direct compu¬ 
tation [Shuj . 

3- E(if) admits a hyperbolic structure which is invariant under the deck transfor¬ 
mation. 

Having ruled out the hrst two possibilities, the proof is complete. □ 


The knots K with the property that E(if) admits a hyperbolic structure which 
is invariant under the involution of E(if) are called TT-hyperbolic. The hyperbolic 
structure comes from a hyperbolic structure on 5'^ — if which becomes a singu¬ 
lar folding with angle tt around if. Thus in particular, 7 r-hyperbolic knots are 
hyperbolic. 


Corollary 7.8. Assuming Conjecture 1.2 if the reduced Khovanov homology ¥Ai{K) 


for a knot K C is equal to F, if is the unknot. 


Proof. 


Suppose if is not the unknot. By Proposition 7.7 if Kh(if) = F, 


the branched double cover E(if) is hyperbolic. Conjecture 1.2 then implies that 
HF(S(if)) is non-trivial, and by the correspondence of |OS4) . 

1 = rnk(Kh(if)) > rnk(HF(E(if))) > 1. 

This contradiction implies that Kh(if) □ 
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